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ABSTRACT
Ultrasound-guided drug and gene delivery (USDG) is a promising non-invasive approach for targeted therapeutic applications. Mechanical 

properties of encapsulated microbubbles (EMBs), which serve as contrast agents, affect their interactions with ultrasound and are, thus, critical 

to the success of USDG. Accurate calibration of particle-based EMB models is challenging as Bayesian inference with dissipative particle 

dynamics is prohibitively computationally expensive. We employ a surrogate-accelerated Bayesian calibration workflow that combines deep 

neural network surrogates and polynomial surrogates, transitional Markov chain Monte Carlo sampling, and hierarchical regularization 

across EMB diameters. Using this framework, we construct data-informed models of the commercial agents Definity and SonoVue and infer 

their force field parameters from published compression, indentation, and acoustic experiments. The presented methodology can be used to 

derive bespoke, data-informed models for a wide range of contrast agents, including gas vesicles, EMBs with diverse capsids consisting of 

lipids, proteins, or polymers, and functionalized with ligands.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0343171

I. INTRODUCTION

Encapsulated microbubbles (EMBs) are a class of engineered 

soft materials with gas cores surrounded by elastic shells, com-
posed of a lipid, protein, or polymer shell and typically 1–10 μm in 

diameter. 

1,2 These structures serve dual roles in biomedical applica-
tions: as ultrasound contrast agents that enhance diagnostic imaging 

through acoustic scattering, 

3,4 and as targeted drug delivery vehi-
cles capable of payload release upon ultrasonic excitation. 

2,5–7 The 

mechanical properties of EMB shells, particularly their elastic mod-
ulus, bending rigidity, and response to compression, critically deter-
mine bubble stability under physiological flow conditions, acoustic 

response, and rupture thresholds for controlled drug release. 

1,6,8,9 

Accurate characterization of these mechanical properties enables 

rational design of EMBs optimized for specific clinical applications, 

including targeted chemotherapy delivery to tumor vasculature 

10,11

and blood–brain barrier permeabilization for neurotherapeutics. 

12 

However, systematic quantification of EMB mechanical parameters 

with rigorous uncertainty bounds remains an open challenge, lim-
iting predictive modeling of EMB behavior in complex in vivo 

environments.
Experimental characterization of EMB mechanical prop-

erties typically employs atomic force microscopy (AFM) 

compression, 

13,14 micropipette aspiration, 

15 or ultrasonic attenu-
ation measurements. 

7,16 AFM compression provides direct force– 

displacement relationships at nanometer resolution but is subject to 

experimental uncertainties, including contact point determination, 

tip-sample alignment artifacts, and batch-to-batch variability in 

EMB synthesis. 

14,17 Translating these force-displacement curves 

into fundamental material properties (e.g., Young’s modulus, 

bending modulus) requires computational models that can sim-
ulate EMB deformation under realistic experimental conditions.

J. Chem. Phys. 165, 105101 (2026); doi: 10.1063/5.0343171 165, 105101-1

© Author(s) 2026

 10 Septem
ber 2026 11:12:59

https://pubs.aip.org/aip/jcp
https://doi.org/10.1063/5.0343171
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0343171
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0343171&domain=pdf&date_stamp=2026-September-10
https://doi.org/10.1063/5.0343171
https://orcid.org/0009-0005-9781-7651
https://orcid.org/0000-0002-5137-8009
https://orcid.org/0000-0002-8466-8993
https://orcid.org/0000-0002-6187-5025
https://orcid.org/0000-0003-0825-1659
mailto:praprot@cmm.ki.si
https://doi.org/10.1063/5.0343171


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

Continuum models based on finite element methods offer com-
putational efficiency and have been widely used to model EMB 

dynamics in fluid and vascular environments 

18,19 but make strong 

assumptions about shell constitutive behavior (e.g., Neo-Hookean 

elasticity) and cannot capture heterogeneities at the molecular 

scale of shell composition. Particle-based mesoscopic simula-
tions, particularly dissipative particle dynamics (DPD), provide 

a complementary approach that explicitly represents the shell 

microstructure through coarse-grained particles interacting via 

prescribed force fields. 

20,21 Our previous work demonstrated that 

DPD models with isotropic elasticity and bending resistance can 

accurately reproduce EMB compression behavior across multiple 

shell-chemistry compositions. 

22 However, DPD simulations require 

30–60 min per parameter configuration on modern GPUs (e.g., 

NVIDIA A40), making systematic parameter space exploration 

prohibitively expensive. A single Bayesian inference run that 

requires 10 

5 likelihood evaluations would already consume roughly

3 × 10 

6 –6 × 10 

6 GPU-min, i.e., about 5.7–11.4 GPU-years, even 

before accounting for repeated phases, restarts, or the one-time 

generation of surrogate-training data, making direct DPD-based 

Bayesian uncertainty quantification intractable in the present 

setup. UQ constitutes a framework for addressing imperfections 

in models, simulations, and experimental data. 

23 By representing 

unknown parameters and model discrepancies as distributions 

instead of fixed values, UQ enables predictions that reflect both 

expected behavior and associated confidence, which is essential 

for making reliable, data-informed decisions in complex systems. 

Bayesian inference serves as a framework for UQ through parameter 

estimation with quantified uncertainties, 

24–27 transforming point 

estimates into probability distributions that capture both data infor-
mativeness and prior knowledge. Hierarchical Bayesian UQ extends 

this framework to settings with multiple datasets or experimental 

conditions, allowing parameters to vary across conditions while 

sharing a common structure. 

28 This enables information sharing,

FIG. 1. Hierarchical Bayesian UQ-driven multiscale workflow from experiments through large-scale simulations and surrogate models to a data-informed EMB model. 

(a) Mechanical experiments, such as indentation or compression, provide force–displacement curves, while acoustic measurements provide frequency observations. (b) 

A mesoscopic model, 

22 solved using GPU-accelerated simulations, produces linear mechanical and acoustic-frequency responses through effective model parameters, 

generating an ensemble of responses across the parameter space. (c) A hierarchical Bayesian uncertainty quantification (UQ) workflow, combined with DNN and polynomial 

surrogates (based on the ensemble of generated simulation data), enables efficient parameter inference from experimental data with quantified uncertainty. (d) The inferred 

posteriors, specifically the Maximum A Posteriori (MAP) values of the probability distributions, are then used to parameterize a calibrated EMB model for subsequent 

large-scale simulations.
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improves parameter identifiability, and yields a more realistic 

representation of variability in complex systems. In molecular and 

mesoscopic simulations, Bayesian approaches have been used to 

calibrate force fields for proteins, 

29 polymers, 

30 and soft materi-
als. 

23 The computational bottleneck of repeated forward model 

evaluations can be mitigated with surrogate modeling, using fast 

approximations, such as Gaussian processes, neural networks, or 

polynomial chaos expansions that learn input–output relationships 

from a limited training dataset. 

31,32 Deep neural network (DNN) 

surrogates are particularly attractive for high-dimensional non-
linear systems because they can reproduce complex input–output 

maps with large speedups over direct simulation. 

33,34 Bayesian 

optimization has also emerged as an efficient strategy for refining 

model parameters in computationally expensive settings, where 

each evaluation requires a forward simulation. 

35 By combining a 

surrogate model with an acquisition function, it enables adaptive 

exploration of the parameter space and rapid identification of 

optimal coarse-grained representations with minimal simulation 

cost. For Bayesian sampling, the transitional Markov chain Monte 

Carlo (TMCMC) methods 

36,37 efficiently explore complex posterior 

distributions through a sequence of intermediate distributions. 

When multiple experimental datasets are available, hierarchical 

Bayesian models enable information sharing across conditions 

while preserving dataset-specific variability. 

24,38–40 The present 

study combines these components to calibrate particle-based EMB 

models with uncertainty estimates. Previous Bayesian approaches 

in molecular simulations assess predictive performance by verifying 

whether experimental observations fall within posterior predictive 

confidence intervals. 

39,40 Although this offers a qualitative measure 

of agreement, it does not quantify the degree of calibration. Predic-
tive agreement is then assessed in Sec. III using posterior-predictive 

intervals and a complementary scoring-rule diagnostic.
The objective of this study is to calibrate a high-fidelity numer-

ical EMB model from force spectroscopy and acoustic data with 

quantified uncertainty (see Fig. 1 for a schematic overview of the 

entire workflow). To make this feasible, we combine DNN and 

polynomial surrogates trained on DPD simulations with TMCMC 

sampling. We first use surrogate-based sensitivity analysis to deter-
mine which parameters of the membrane force field are informed 

by the present quasi-static data. The inference then focuses on the 

elastic terms supported by the data, uses acoustic-frequency mea-
surements as a complementary constraint on the same reduced 

elastic parameterization, compares independent and hierarchically 

regularized calibrations, and returns to the full force field only as a 

consistency check.
We first validate the surrogates and then use the full model 

only to identify which parameters are relevant in the present 

quasi-static regime. Next, we infer reduced-model posteriors inde-
pendently for each diameter, pool mechanical and acoustic infor-
mation hierarchically across diameters, propagate the resulting 

uncertainty to both force spectroscopy and acoustic observables, 

compare representative simulation outcomes with the experimen-
tal data, and finally rerun the full nonlinear model against the 

retained linear force spectroscopy data only as a sanity check. 

Acoustic-frequency observations were selected as the additional 

experimental observable to make the calibration directly relevant 

to future large-scale acoustic simulations. Section II describes the 

DPD simulations, experimental-data preprocessing, construction of

the DNN and polynomial surrogates, hierarchical Bayesian formu-
lation, uncertainty propagation, and computational implementation 

used throughout the study. Our central claim is that a surrogate-
accelerated Bayesian workflow can calibrate a high-fidelity numeri-
cal EMB model with quantified uncertainty and that, in the present 

quasi-static regime, force spectroscopy data in the linear regime 

identify compatible (k a 
, k b 

) regions while the acoustic constraint 

localizes those regions primarily through k a 
. The evidence comes 

from four checks: dominant k a 
/k b 

sensitivities, acoustically con-
strained reduced posteriors, close full-vs-reduced MAP overlays, 

and close reduced-vs-full posterior-predictive continuous ranked 

probability score (CRPS).

II. METHODS
A. DPD simulations

All mesoscale simulations were performed using DPD, a 

particle-based method well suited for modeling soft matter systems 

with explicit hydrodynamics. 

20 In DPD, each particle represents 

a coarse-grained cluster of molecules and evolves according to 

Newton’s equations of motion. The total force acting on the particle 

i is given by

F i 
= ∑ 

j≠i
(F 

C 

ij 

+ FD
ij 

+ FR
ij) + F 

shell 

i , (1)

where FC
ij , FD

ij , and FR
ij are the conservative, dissipative, and ran-

dom pairwise forces, respectively, and F 

shell
i denotes the elastic forces

arising from the encapsulating microbubble shell.
The conservative force between particles i and j is defined as

FC
ij 

= 

⎧ ⎪ ⎪⎨⎪ ⎪ ⎩

a ij 
(1 − r ij 

/r c 
)ˆ rij 

, r ij 
< r c 

, 

0, r ij 
≥ r c 

,
(2)

where r ij 
is the interparticle distance, ˆ rij 

is the corresponding unit 

vector, and r c 
is the cutoff radius. Dissipative and random forces are 

given by

FD
ij = −γ ω 

D (r ij 
)(ˆ rij 

⋅ v ij 
)ˆ rij 

, (3)

FR
ij = σ DPD 

ω 

R (r ij 
) ξ ij 

Δt 

−1/2 ˆ rij 
, (4)

where v ij 
is the relative velocity, ξ ij 

is a zero-mean unit-variance 

Gaussian random variable, and Δt is the integration time step. The 

DPD fluid is simulated in reduced units following Ref. 22. The cut-
off radius is set to r c 

= 1 in simulation units and corresponds to 

250 nm in physical units, while the thermal energy is set to k B 
T = 1 

and corresponds to room-temperature thermal energy. The water 

number density is set to n d 

= 3, which fixes the water-bead mass 

scale through the physical density of water. The dissipative coeffi-
cient is set to γ = 3.5, and the random-force amplitude is fixed by
the fluctuation–dissipation relation σ 

2
DPD = 2γk B 

T. The dissipative
weight function is ω 

D (r) = (1 − r/r c 
) 

2 for r < r c 
.

The encapsulating microbubble shell was modeled as a tri-
angulated elastic surface immersed in a DPD solvent. Consistent 

with the fixed-thickness assumption used in the reference AFM 

analyses, 

41,42 the shell was treated as a thin membrane with a nomi-
nal thickness of 5 nm. Each vertex of the triangulation corresponds
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to a DPD particle, and elastic forces are obtained as derivatives of 

a discrete shell energy, inspired by recent data-driven red blood 

cell models. 

39,40,43–46 Using expressions adopted from our previous 

work, 

22 the active shell energy in the present EMB workflow is

E shell 

= E stretch 

+ E bend 

. (5)

In-plane elastic deformations are described by

Estretch =
ka

2

Nt

∑
t=1

A0
t [α2

t + a3α3
t + a4α4

t ] + μ
Nt

∑
t=1

A0
t [β t 
+ b 1 

α t 
β t 
+ b 2 

β 

2
t ],

(6) 

where α t 
and β t 

are the area and shear strain invariants of the tri-
angle t and A 

0
t is the area of triangle t. This expression also includes

nonlinear terms (coefficients a 3 
, a 4 

, b 1 
, and b 2 

). Bending resistance is 

modeled via a dihedral-angle potential,

E bend 

= k b 
∑ 

⟨i,j⟩
[1 − cos (θ ij 

− θ0
ij)], (7)

where θ ij 
and θ0

ij are the actual and spontaneous angles between 

two adjacent triangles. 

47 We report the inferred in-plane stretch-
ing scale directly as k a 

. We infer k b 

independently, as the 

stretching–bending relationship is model-dependent and less reli-
able for coated microbubbles. In contrast, we retain an isotropic 

in-plane law, 

48,49 since the data constrain only the dominant stiff-
ness and do not support identification of a separate shear modulus. 

Accordingly, μ is not inferred independently and is related to k a 

through

μ = 1 − ν
1 + ν ka, (8)

which gives μ = k a 
/3 for the fixed Poisson ratio ν = 0.5 used through-

out. The higher-order nonlinear elastic parameters (b 1 
, b 2 

, a 3 
, a 4 
)

are introduced to account for the large strains encountered in
strongly deformed red blood cell morphologies, where linear elastic-
ity fails, and these terms capture the strain-hardening response of the 

spectrin cytoskeleton, resulting in a marked increase in membrane 

stiffness and deformation energy at large strain. 

48–50

Both the surrounding liquid and the encapsulated gas were 

modeled explicitly using DPD particles. No-through boundary 

conditions at the membrane were enforced using a bounce-back
mechanism,51,52 while interfacial slip conditions were controlled by 

tuning the dissipative coupling parameters between shell, water, and 

gas particles. The treatment of the gas phase, including pressure 

compensation and ideal-gas behavior, follows exactly the method-
ology described in Ref. 22. All simulations were performed using the 

GPU-accelerated DPD framework MIRHEO. 

53 To ensure compu-
tational feasibility while preserving the relevant elastic physics, all 

elastic moduli of the shell were uniformly downscaled by a factor
f scale = 0.0074, 

22 which preserves the Föppl–von Kármán num-
ber 

54 and, thus, the equilibrium and deformation behavior of the 

shell. Physical forces were recovered by rescaling during post-
processing. 

22 The mechanical response of the shell was characterized 

by extracting force–displacement relations through two distinct 

simulation protocols: indentation and compression.
Indentation simulations mimic AFM indentation experiments 

by applying equal and opposite external forces to sets of shell ver-
tices located near the top and bottom poles of the microbubble, 

see Fig. 2(a). The equatorial vertices were constrained in the axial 

direction to suppress rigid-body motion. For each applied force 

level, the system was equilibrated quasi-statically, and the resulting 

axial displacement of the shell was recorded. Force–displacement

FIG. 2. A schematic representation of the DPD simulations implemented in this work. (a) Indentation simulations are performed on a SonoVue microbubble (gold) by applying 

a pair of equal and opposite forces to a small fraction of vertices at the top and bottom of a microbubble. (b) The plate compression is implemented by displacing a set of 

frozen DPD particles, representing a large cantilever used in the compression of a Definity microbubble (ink).
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curves were obtained by prescribing the force and measuring the 

displacement. Parallel-plate compression simulations were imple-
mented using two rigid plates represented by a dense collection of 

frozen particles; see Fig. 2(b). The plates were pinned to move only 

along the axial direction and displaced quasi-statically toward the 

microbubble. After equilibration, the reaction force exerted by the 

shell on the plates was recorded. In this case, force–displacement 

curves were obtained by prescribing displacement and measuring 

the resulting reaction force. More information about the reference 

experimental setups can be found in Sec. S2 in the supplementary 

material.
Acoustic response data were generated by isotropically com-

pressing each equilibrated bubble by 5%, releasing it, and recording 

the relaxation of the root-mean-square bubble radius. The relaxation 

was fitted with a damped sinusoid. Writing ω d 

for the fitted damped 

angular frequency and λ for the decay rate, we define the resonance
frequency as f res 

= (ω 

2
d − λ 

2 ) 

1/2 /(2π) (Sec. S5 in the supplementary
material). Although the breathing frequency can be extracted using 

the principal-component analysis (PCA) employed in Ref. 22, we 

selected the relaxation protocol because its shorter simulation time 

reduces the cost of generating the training data for the polynomial 

surrogates. We nonetheless confirmed that our procedure agrees 

with the PCA estimates, with a mean absolute relative difference 

of 3.2% and a maximum of 5.9% (Table S7 in the supplementary 

material). In the PCA protocol, we identify the breathing mode as 

the PCA eigenvector having the largest absolute overlap with uni-
form radial motion, following the radial mode-projection criterion 

of Ref. 55.

B. Surrogates
The direct evaluation of the mechanical and acoustic responses 

of an EMB with DPD simulations is computationally expensive, 

making it impractical within large-population Bayesian inference 

runs. Each DPD model M d i 

, therefore, generates mechanical and 

acoustic simulation data used to construct a DNN surrogate S d i 

for 

force spectroscopy and a polynomial surrogate A d i 

for resonance 

frequency, respectively. The surrogates replaced the correspond-
ing DPD models during inference and uncertainty propagation 

(see Fig. 3 for details). In all cases, the surrogate was trained to 

approximate DPD outputs for a fixed EMB model and a fixed 

EMB diameter. Six DNN surrogates were constructed, one for each 

of the three mechanically calibrated diameters within both EMB 

models. Compression surrogates predicted force at prescribed dis-
placement, whereas indentation surrogates predicted displacement 

at prescribed force. All surrogate inputs were written directly in 

terms of (k a 
, k b 

, . . .), consistent with the parameterization used 

throughout Sec. III. We trained a separate surrogate per diameter 

and retained the best-performing model for each diameter for use 

in the inference pipeline. Implementation details, including how 

the best model was selected, are summarized in Sec. S5 in the 

supplementary material.
For the acoustic response, we fitted one polynomial surrogate 

per simulated diameter using frequencies extracted from DPD relax-
ation simulations. The resonance frequency f res 

is insensitive to k b 

:
varying k b 

across its admissible range changed the frequency by less 

than 0.5% in our numerical tests. This is expected because uniform 

radial motion preserves the shell angles by symmetry, so the bending

term does not contribute to the restoring force at leading order and 

the frequency is governed primarily by k a 
. Small-amplitude radial 

oscillations can be formulated as the generalized eigenvalue problem 

K(k a 
)u = ω 

2 Mu, making the squared frequency the natural quantity 

to approximate. We, therefore, define

f 2
res,d i 

(k a 
) = a 0,d i 

+ a 1,d i 

k a 
+ a 2,d i k 

2
a, (9)

and the surrogate A d i 

(k a 
) predicts the value of f res given by this fit-

ted relation. The quadratic is the lowest-order form that captures the 

curvature observed in the simulated data. Each polynomial surrogate 

is evaluated only within its simulated k a 
range. Frequency extraction, 

polynomial-surrogate definition, simulated k a 
ranges, and validation 

are detailed in Sec. S5 in the supplementary material.

C. Bayesian inference framework
We calibrated the EMB force field parameters with TMCMC 

36 

as implemented in KORALI. 

56 The full and reduced workflows share 

the same inferential structure; unless otherwise stated, the reported 

results correspond to the reduced model, in which (b 1 
, b 2 

, a 3 
, a 4 
)

= (0, 0, 0, 0), while the full model is used only for a spec-
troscopy consistency check. For each diameter-specific reference 

curve i, the reference dataset is a set of N i 
paired observations 

D i 
= {(x ij 

, y ij 
)}N i 

j=1. For compression (resp. indentation) experi-
ments, x ij 

denotes displacement (resp. force) and y ij 

denotes force 

(resp. displacement). The diameter-specific parameter vector is
Θ d i 

= (k a 
, k b 

, b 1 
, b 2 

, a 3 
, a 4 

, d 0 
) d i 

, where (k a 
, k b 

, b 1 
, b 2 

, a 3 
, a 4 
) are the 

constitutive parameters and d 0 
is a calibration offset. It is intro-

duced to absorb uncertainty in the experimental bubble-cantilever 

contact position, since the DPD setup does not explicitly model the 

details of the cantilever adhesion to the bubble during initial con-
tact. The observation-noise amplitude is denoted separately by σ d i 

and is shared across all points of a given curve. For clarity, we omit 

the explicit diameter dependence in Θ d i 

and σ d i 

in this section and 

write Θ i 
and σ i 

instead. The calculations are presented in terms of 

the full parameter set Θ i 
but apply equally to the reduced parameter 

set θ i 
.
We use a Gaussian likelihood with multiplicative noise: 

the per-point standard deviation s ij 
(Θ i 
) is proportional to the 

model prediction s ij 
(Θ i 
) = σ i 

ˆ yij 
, where σ i 

is the diameter-specific 

observation-noise amplitude. This yields

P(D i 
∣ Θ i 

, σ i 
) =

N i

∏ 

j=1
N (y ij 

∣ ˆ yij 
, s ij 
(Θ i 
) 

2 ). (10)

In the independent inference step, each diameter d i 
of each EMB 

model is treated independently. We assign independent uniform 

priors to all components of Θ i 
and sample the diameter-specific 

posterior,

P(Θ i 
∣ D i 
) ∝ P(D i 

∣ Θ i 
) P(Θ i 

). (11)

The prior and hyperprior ranges for the spectroscopy-only full 

model and the acoustically conditioned reduced model are sum-
marized in Table S4 in the supplementary material. The reduced-
model workflow uses the same mechanical likelihood, data, and 

phase structure but fixes (b 1 
, b 2 

, a 3 
, a 4 
) = (0, 0, 0, 0) and infers only

(k a 
, k b 

, d 0 
, σ). These reduced independent inference runs provide
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the baseline single-diameter posteriors used in Sec. III before infor-
mation is pooled hierarchically across diameters. Hierarchical reg-
ularization was performed separately within each bubble type; no 

sharing was performed across types. The reduced workflow addi-
tionally conditions the hierarchical stage on acoustic measurements 

evaluated using the acoustic surrogates described above. To pool 

information across diameters, we introduce hyperparameters for 

each Definity and SonoVue EMB model,

ψ = {(m k 

, τ k 

)} k∈K 

, k ∈ K = {k a 
, k b 

, b 1 
, b 2 

, a 3 
, a 4 

, d 0 
}, (12)

with Gaussian conditional priors for the hierarchical parameters
Θ i,k 

∣ ψ ∼ N (m k 

, τ 

2
k), and uniform hyperpriors on (m k 

, τ k 

) k 

. For
each parameter k ∈ K, the conditional prior was truncated to 

the corresponding admissible range reported in Table S4 in the 

supplementary material. The mechanical and acoustic observation-
noise amplitudes are inferred independently for each dataset and 

are not hierarchically pooled. The hyperparameter posterior for each 

EMB model is conditioned on both the mechanical datasets D i 
and

the acoustic observations f j 
,

P(ψ ∣ {D i 
}, { f j 

}) ∝ P(ψ)∏ 

i
P(D i 

∣ ψ)∏ 

j
P( f j 

∣ ψ). (13)

Each mechanical and acoustic dataset contributes a separate 

marginal likelihood under the same EMB hierarchy, with its own 

parameter vector and observation-noise amplitude. TMCMC is then 

used to sample the hyperparameter posterior implied by the hier-
archical model. Operationally, this phase learns the priors used by 

the final hierarchical posteriors; it is, therefore, an intermediate 

hierarchical-learning step rather than a standalone result. Hierarchi-
cal pooling produces the final diameter-specific posteriors reported 

in this work. This yields, for each bubble i, a posterior conditioned 

on hierarchical priors inferred jointly from the separate mechanical 

and acoustic datasets of the same EMB model,

P(Θ i 
, σ i 
∣ D i 

, ψ) ∝ P(D i 
∣ Θ i 

, σ i 
) P(Θ i 

∣ ψ) P(σ i 
),

ψ ∼ P(ψ ∣ {D i 
}, { f j 

}),
(14)

where i runs over the diameters of each EMB model. The MAP esti-
mate was approximated by the posterior sample with the largest 

log-posterior value.

D. Uncertainty propagation
Once the posterior distribution has been estimated, we prop-

agate this uncertainty to the predicted response through the corre-
sponding mechanical or acoustic surrogate. For any output quantity 

of interest y, the posterior predictive distribution is

P(y ∣ D i 
) = ∫ 

P(y ∣ Θ i 
, σ i 
) P(Θ i 

, σ i 
∣ D i 
) dΘ i 

dσ i

≈ 1 

N 

N 

∑ 

k=1
P(y ∣ Θ 

(k) 

i 

, σ 

(k) 

i ), (15)

where (Θ(k) 

i 

, σ 

(k) 

i ) ∼ P(Θ i 
, σ i 
∣ D i 
) are samples from the posterior

retained for propagation. Here, P(Θ i 
, σ i 
∣ D i 
) denotes the poste-

rior used for propagation, namely the final hierarchically regularized

diameter-specific posterior in the hierarchical stage. In our case, y is 

the response evaluated along the experimental grid, namely force at 

fixed displacement for compression and displacement at fixed force 

for indentation. For each posterior sample, the surrogate provides 

a mean response, while the observation model assigns a Gaussian
uncertainty with standard deviation σ 

(k) 

i ˆ y (k) proportional to that
prediction. The posterior predictive distribution at each grid point 

is, therefore, represented as a Gaussian mixture induced by the 

ensemble of posterior samples. In practice, we drew N = 5000 poste-
rior samples and evaluated the corresponding predictive distribution 

pointwise along the experimental reference grid. Posterior medi-
ans and central predictive intervals, including the posterior median 

and the pointwise 90% posterior predictive interval reported in this 

paper, were then obtained by numerical inversion of the corre-
sponding cumulative distribution function (CDF) at each grid point. 

These posterior predictive bands are, therefore, fully consistent with 

the same heteroscedastic Gaussian likelihood used during inference 

and were used to assess coverage against the experimental obser-
vations. Acoustic predictive intervals were obtained analogously by 

propagating posterior samples through the corresponding acoustic 

surrogates and combining the predictions with the inferred acoustic 

observation noise.

E. Continuous ranked probability score (CRPS)
To complement interval inclusion with one proper scoring rule, 

we also report the CRPS for the six datasets discussed in Sec. III. 

57–59 

For a retained experimental point j with observed response y j 

and 

pointwise posterior predictive CDF F j 
, the score is

CRPS(F j 
, y j 
) = ∫ 

∞

−∞ 

(F j 
(z) − 1{z ≥ y j 

}) 

2 dz, (16)

with lower values indicating better probabilistic agreement. In the 

present workflow, F j 
is the pointwise Gaussian mixture induced 

by the propagated posterior samples and the heteroscedastic noise 

model above. The posterior-predictive bands shown in the figures 

are obtained from pointwise quantiles of this mixture distribution, 

computed by numerical inversion of the corresponding CDF. For 

CRPS, we approximate the same pointwise posterior predictive dis-
tribution by Monte Carlo: for each retained posterior sample, we 

draw one response from its associated Gaussian component, com-
pute the empirical ensemble CRPS at point j, and then average 

over the retained points of each curve to obtain the reported mean 

CRPS. The reported values are further averaged over five indepen-
dent Monte Carlo replicates. We use CRPS because, unlike coverage 

alone, it rewards both calibration and sharpness under the same 

posterior predictive distribution.

F. Transitional Markov chain Monte Carlo (TMCMC) 

Posterior sampling was performed with TMCMC as imple-
mented in KORALI 

56 and executed in parallel with MPI. TMCMC 

builds a sequence of intermediate tempered distributions connecting 

prior and posterior, which improves robustness in parameter spaces 

that are broad, correlated, or otherwise difficult to explore directly. 

The numerical TMCMC settings used in production are reported in 

Sec. S6 in the supplementary material.
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G. Computational implementation
All workflows were executed on a high-performance comput-

ing environment consisting of multi-core CPU nodes and CUDA-
capable GPU nodes. Direct DPD simulations were performed with 

MIRHEO, while Bayesian inference used KORALI with MPI par-
allelization. The DNN and polynomial surrogates were constructed 

and evaluated in Python using PyTorch and standard scientific 

Python libraries, with all workflow settings provided through YAML 

configuration files. More computational details can be found in Sec. 

S1 in the supplementary material.

III. RESULTS AND DISCUSSION
Results are reported for two EMB models of commercial agents 

with different lipid shells (Definity and SonoVue) and three bub-
ble diameters per EMB model. Definity models are calibrated using 

experimental data from AFM compression, whereas SonoVue mod-
els are calibrated with data from AFM indentation. The inference 

conditions on one reprocessed published curve per diameter (see 

Fig. S1 in the supplementary material); the exact source refer-
ences and retained point counts are summarized in Table S3 in the 

supplementary material. The published force spectroscopy curves 

contain an initial linear loading regime followed by a nonlinear

response at larger deformation, but the likelihood uses only the 

retained points in the linear regime listed in Table S3. We first 

use the full membrane force field only to establish the sensitiv-
ity structure of the inverse problem and then, from the sensitivity 

section onward, carry a reduced model with membrane parameters
(k a 

, k b 

) through the main-text inference workflow, treating d 0 
and

σ separately as calibration and noise parameters. The full model is 

rerun only against the same retained force spectroscopy data in the 

sanity-check section.

A. DPD force field and DNN surrogate validation
We consider six DPD models ( M d i 

) i∈[1,6] 

, which share the 

same physical formulation and parameterization 

22 but correspond 

to different experimental conditions (see Fig. 3, block ①). Mod-
els M d 1 

, M d 2 

, M d 3 

describe Definity bubbles 

4,60,61 (compression 

experiments) for fixed diameters (d 1 
, d 2 

, d 3 
), respectively, while

M d 4 

, M d 5 

, M d 6 

describe SonoVue bubbles 

8,17,62–64 (indentation
experiments) for fixed diameters (d 4 

, d 5 
, d 6 
), respectively. Through-

out, d i 
denotes the bubble diameter. The six diameters, in μm, 

are d 1 
= 2.1, d 2 

= 2.9, d 3 
= 3.0, d 4 

= 3.2, d 5 
= 3.4, and d 6 

= 5.8. We 

simulate the DPD models using the high-performance MIRHEO 

software package. 

53 In the compression experiment with Defin-
ity, the DPD simulation returns the reaction force as a function

FIG. 3. Workflow diagram for the hierarchical Bayesian inference of data-informed EMB models. M d 1 
,d 2 

,d 3 

denotes models of Definity bubbles, while M d 4 
,d 5 

,d 6 

denote 

SonoVue bubbles. Throughout the workflow, the index d i 
labels the bubble diameter, with (d i 

) i=1,2,3,4,5,6 

corresponding to 2.1, 2.9, 3.0, 3.2, 3.4, and 5.8 μm, respectively. 

For each bubble i, the DPD model M d i 
generates mechanical and acoustic training data used to construct a DNN surrogate S d i 

and a polynomial surrogate A d i 
,

respectively. The mechanical surrogate is subsequently reduced to S 

0 

di 
through sensitivity analysis and suppression of nonlinear terms. Independent inference combines

each mechanical surrogate with the corresponding compression (top row) or indentation (bottom row) experiment, yielding model parameters θ d i 
. Hierarchical inference

additionally includes the acoustic observations and yields regularized parameters θ̃ d i 
. The resulting calibrated model M d i 

( θ̃ d i 
) is finally checked against the corresponding 

force spectroscopy data in the retained linear regime.
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FIG. 4. Grouped-holdout DNN surro-
gate validation. Panels [(a) and (b)] 

compare held-out DPD curves with the 

corresponding DNN predictions for rep-
resentative S d 2 

and S d 4 

surrogates 

for Definity (ink) and SonoVue (gold), 

respectively; open circles denote held-
out DPD points, and solid lines denote 

surrogate predictions. Panels [(c) and 

(d)] summarize, for each EMB model, 

the median and 90th-percentile held-out-
curve relative L 

2 errors from the grouped 

parameter-set holdout audit; filled cir-
cles and open diamonds denote these 

statistics, respectively.

of imposed displacement through an explicit plate-contact geom-
etry. In the indentation experiment with SonoVue, it returns the 

bubble diameter change as a function of applied force under the pre-
scribed loading protocol. These DPD outputs are, therefore, directly 

comparable to the corresponding experimental measurements. The 

membrane force field of each model M d i 

is parameterized by a 

stretching stiffness k a 
, a bending modulus k b 

, nonlinear elastic coef-
ficients (b 1 

, b 2 
, a 3 

, a 4 
), and a displacement offset d 0 

used to align 

the curves. These parameters are collected in the associated vector
Θ d i 

= (k a 
, k b 

, b 1 
, b 2 

, a 3 
, a 4 

, d 0 
) d i 

, while the observation-noise ampli-
tude σ d i 

is treated separately as a diameter-specific parameter. The 

full details of the DPD setup and parameter definitions are provided 

in Sec. II A.
To enable Bayesian inference at scale, we train DNN surro-

gates to predict the output of the DPD models on thousands of 

simulated curves. Each DPD model M d i 

is subsequently replaced 

by its surrogate counterpart S d i 

(see Fig. 3, block ②) during infer-
ence, enabling efficient Bayesian calibration. Surrogate selection is 

performed via an architecture sweep, retaining the DNN with the 

lowest grouped-holdout median relative L 

2 error. The grouped hold-
out excludes entire simulated curves from training and, therefore, 

evaluates generalization to unseen parameter sets. 

65 In this vali-
dation, the median relative L 

2 error over the full loading branch 

remains low: less than 2.1% for Definity surrogates and less than 

2.6% for SonoVue surrogates (see Table S2 in the supplementary 

material). Figure 4 combines representative grouped-holdout curves

in real units with a compact across-diameter summary based on 

the median and 90th-percentile held-out-curve relative L 

2 errors, 

showing low surrogate error for most held-out simulated curves. 

Representative held-out grouped-validation curves are collected in 

Fig. S2 in the supplementary material. Combined with their orders-
of-magnitude speedup over direct simulation, these surrogate errors 

are low enough to make the subsequent TMCMC-based calibration 

computationally tractable; see Sec. II.

B. Sensitivity analysis motivates a reduced 

membrane model
To determine which force field parameters can be constrained 

by force spectroscopy data, we quantify the global sensitivities of the 

DNN surrogates over the experimentally explored range using first-
order Sobol indices. 

66 The details of the sensitivity analysis are given 

in Sec. S7 in the supplementary material. The resulting hierarchy 

is clear: the response is governed primarily by the stretching stiff-
ness k a 

and the bending modulus k b 

, while the nonlinear coefficients
(b 1 

, b 2 
, a 3 

, a 4 
) contribute only weakly within the loading regime 

probed here. Figure 5 reports range-averaged first-order indices for 

representative surrogates S d 2 

and S d 4 

. For S d 2 

, the indices assign
∼66% of the variance to k a 

and 28% to k b 

. For S d 4 

, the same aver-
aged analysis assigns ∼45% to k a 

and 33% to k b 

. In both cases, the 

nonlinear terms remain negligible compared to the two elastic para-
meters, with bar heights clustered near zero within their confidence
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FIG. 5. Range-averaged first-order Sobol 

sensitivity indices for representative 

diameters of each EMB model. The 

bars report the loading-range-averaged 

first-order index for each material para-
meter for (a) Definity ( S d 2 

, ink) and (b) 

SonoVue ( S d 4 

, gold); error bars denote 

the corresponding averaged Sobol con-
fidence estimates. Only the material 

parameters are shown.

intervals. These representative panels are shown because they reflect 

the same dominant k a 
/k b 

sensitivity structure observed separately 

for Definity and SonoVue surrogates.
These sensitivity results indicate which parameters the present 

data are likely to constrain: in this deformation regime, the data pri-
marily inform (k a 

, k b 

), while the nonlinear terms are expected to 

remain weakly constrained. This motivates the concrete modeling 

decision adopted in the remainder of this study: after this section, the 

inference uses a reduced membrane force field with (k a 
, k b 

) as the 

shell-mechanics parameters, while d 0 
and σ are retained separately 

as calibration and noise parameters. In practice, for each bubble i, we
use the surrogates S 

0
di 

obtained by setting the S d i 

nonlinear para-
meters (b 1 

, b 2 
, a 3 

, a 4 
) to zero and we use the notation θ d i 

to refer 

to the associated reduced set of parameters (see Fig. 3, block ②):
θ d i 

= (k a 
, k b 

, d 0 
) d i 

. We return to the full models only in Sec. III as 

a safety check on this reduction.

C. Hierarchical Bayesian inference of the reduced 

model
To establish a results baseline, we first perform independent 

Bayesian calibrations for each diameter using only the reduced 

models and force spectroscopy data in the retained linear regime 

(see Fig. 3, block ③). For each bubble i (compression experiment 

using Definity: 2.1, 2.9, and 3.0 μm; indentation experiment using 

SonoVue: 3.2, 3.4, and 5.8 μm), we run a separate TMCMC inference 

using the KORALI software framework 

56 and the corresponding 

DNN surrogate as the forward model, where d 0 
is an auxiliary curve-

alignment parameter and σ controls the (relative) observation noise 

model (Sec. II). These spectroscopy-only calibrations, shown as gray 

areas in Fig. 7, identify extended compatible regions in the (k a 
, k b 

) 

plane rather than a unique parameter pair. This ridge-like degen-
eracy is consistent with the continuum analysis in Ref. 67, where 

the Reissner regime predicts the slope of the response curve to be
proportional to 

√ 

k a 
k b 

.
The approach adopted by these authors to solve the degener-

acy is to use the nonlinear part of the force–displacement curve to 

separate shell parameters. However, this route is not usable in the 

present DPD model because the DPD pressure is chosen to be lower 

than the real values to ensure stable simulations and, therefore, does 

not reproduce the experimental internal/external pressure state of 

real bubbles. In particular, the internal gas pressure is low and is not

increased during volume compression as in a physical bubble. Con-
sequently, the nonlinear stiffening described in Ref. 67 as a result of 

the response of the shell to gas compression is not captured at com-
parable deformations. Instead, the present DPD EMB models leave 

the intended elastic regime and show nonphysical rupture or inter-
penetration. We, therefore, use acoustic frequency measurements 

as an independent constraint on k a 
. The frequency observables are 

evaluated using the acoustic surrogates described in Sec. II B. Before 

including the acoustic data in the hierarchy, we assessed the under-
lying polynomial surrogates by leave-one-out validation at every 

diameter associated with a retained acoustic measurement.
Figure 6 shows that the diameter-specific relative L 

2 errors
in f res 

range from 0.9% to 4.9% for Definity and 0.3%–0.5% for
SonoVue. These results support the use of the polynomial surrogates 

as acoustic surrogates in the subsequent hierarchical inference.
For both Definity and SonoVue models, we then infer hier-

archical hyperparameters for the reduced models to quantify how
(k a 

, k b 

, d 0 
) vary across diameters while conditioning on the mechan-

ical and acoustic observations (Sec. II C). For each EMB model, 

this step pools information across its three mechanically calibrated 

diameters and the acoustic observations to learn hierarchical pri-
ors that regularize the diameter-specific posteriors. Using these 

learned priors, we subsequently perform diameter-specific TMCMC 

inference for the three diameters of each EMB model (see Fig. 3,
block ③). For each bubble i, these posteriors P(˜ θ d i 

) constitute
the reduced-model distributions used downstream for propagated-
response bands, Maximum A Posteriori (MAP) extraction, and 

spectroscopy-only full-model consistency checks. Figure 7 com-
pares the broad regions compatible with the force spectroscopy 

data in the linear regime with hierarchical posteriors conditioned 

jointly on force spectroscopy and acoustic data in the (k a 
, k b 

) plane. 

The hierarchical posteriors cover a substantially narrower part of 

the mechanical compatibility ridge while retaining diameter-specific 

structure within each EMB model.
Figure 8 shows that the jointly conditioned posteriors remain 

compatible with both the retained force spectroscopy data and 

the acoustic observations. In Fig. 8(c), the available Definity fre-
quency measurements concern bubbles larger than d 1 

–d 3 
, whereas 

the predictions are reported at d 1 
–d 3 

. The shared Definity hierar-
chy transfers this information to d 1 

–d 3 
under the assumption that 

all Definity datasets arise from a common parameter population. No 

empirical frequency–diameter relation is fitted or extrapolated.
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FIG. 6. Polynomial acoustic surrogate 

validation. Panels (a) and (b) com-
pare held-out squared DPD resonance 

frequencies with polynomial-surrogate 

predictions at representative diameters 

associated with retained acoustic mea-
surements for Definity (ink) and SonoVue 

(gold), respectively; the open circles 

denote held-out squared DPD reso-
nance frequencies, and the solid lines 

denote surrogate predictions. Panels (c) 

and (d) summarize the leave-one-out
relative errors in f res 

at all diameters
associated with retained acoustic mea-
surements (Refs. 68 and 69); the filled 

circles show the median, and the open 

diamonds show the 90th percentile.

FIG. 7. Reduced-model posterior clouds from independent force spectroscopy inference and hierarchical inference conditioned jointly on force spectroscopy and acoustic 

data for the dominant elastic parameters k a 
and k b 

. Each point denotes a posterior sample. The top and side marginal traces show the corresponding one-dimensional 

posterior densities for k a 
and k b 

. Panel (a) corresponds to Definity EMBs (ink), and panel (b) to SonoVue EMBs (gold). Pale gray point clouds show regions compatible with 

the force spectroscopy data in the linear regime, while ink and gold point clouds show the hierarchical posteriors conditioned jointly on force spectroscopy and acoustic data 

for Definity and SonoVue, respectively.
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FIG. 8. Reduced-model posterior propa-
gation. Panels (a) and (b) show Definity 

(ink) compression and SonoVue (gold) 

indentation responses, respectively, with 

all three diameters overlaid in each 

case. For each diameter, colored lines 

denote the reduced hierarchical pos-
terior median response, the shaded 

bands denote central 90% posterior pre-
dictive intervals, and the open circles 

denote force spectroscopy data in the 

retained linear regime. Panels (c) and 

(d) show posterior medians and inter-
vals propagated through the acoustic 

surrogates together with acoustic obser-
vations shown as open circles. The 

experimental data are from Refs. 41, 42, 

68, and 69.

FIG. 9. Direct DPD consistency checks 

at the reduced-model MAP values for 

all six bubbles. Panels (a) and (b) com-
pare force spectroscopy data in the lin-
ear regime with direct DPD responses 

for Definity (ink) and SonoVue (gold), 

respectively. Panels (c) and (d) com-
pare acoustic observations with direct 

DPD resonance frequencies at the corre-
sponding MAP values. The experimental 

data are from Refs. 41, 42, 68, and 69.
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To confirm that the surrogate-based reduced calibrations 

remain faithful to the underlying particle-based model at represen-
tative reduced-model MAP parameter sets, we compare reduced-
model MAP curves from DNN-guided inferences with direct DPD 

runs (see Fig. 3, block ④). Because propagating full posterior 

uncertainty directly through the DPD simulations would require 

prohibitively many expensive evaluations, we restrict the direct con-
firmation in the present paper to sparse MAP-level overlays. For 

both Definity and SonoVue models, the direct reduced-model MAP 

DPD responses compare well with the experimental force spec-
troscopy data in the linear regime. Figure 9 displays these mechani-
cal comparisons together with direct DPD resonance frequencies for 

all six bubbles.
The final reduced hierarchical MAP values of the dominant 

elastic parameters are summarized in Table I.
Separately from the acoustically conditioned reduced work-

flow, we retain the spectroscopy-only full-versus-reduced compar-
ison as a sanity check on the reduced parameterization. In this 

comparison, the full and reduced force fields are calibrated to the 

same force spectroscopy data, and we quantify the discrepancy 

between their MAP surrogate responses via the relative L 

2 dif-
ference, 100∥yMAP

full 

− y 

MAP
red ∥ 2 

/∥yMAP
full ∥ 2 

. The worst-case discrepancy
across diameters remains below 1.2% for Definity and below 1.9% 

for SonoVue. Figure 10 compares the full- and reduced-model MAP 

surrogates in real units, showing that the two workflows are close 

at the level of the fitted response. This spectroscopy-only agreement 

is further supported by the CRPS, 

59,70 which measures how closely 

the full posterior predictive distribution matches the observed data 

while rewarding both calibration and sharpness, and shows com-
parable performance of the full and reduced models in terms of 

coverage and statistical consistency with the reference data (Tables 

S5 and S6 in the supplementary material). Together with the MAP 

overlays, these results show that the reduced and full force spec-
troscopy workflows have similar posterior-predictive CRPS values. 

We, therefore, use the full workflow here only as a confirmatory 

safety check. The practical conclusion is that, in the present quasi-
static regime, the nonlinear elastic terms are weakly informed and 

the reduced model captures the dominant behavior in the linear 

regime that the data can support.

TABLE I. Reduced hierarchical MAP values of the dominant elastic parameters
across different types and diameters.

Type Diameter k a k b

Definity
d 1 

(2.1 μm) 8970.6 144.5
d 2 

(2.9 μm) 17 786.1 926.9
d 3 

(3.0 μm) 16 594.4 241.6

SonoVue
d 4 

(3.2 μm) 10 657.5 18 326.8
d 5 

(3.4 μm) 9915.9 2037.1
d 6 

(5.8 μm) 11 268.4 26 823.1

In both EMB types, the stretching and bending responses 

dominate the observable force–displacement behavior, whereas the 

nonlinear coefficients remain only weakly constrained (Secs. III B 

and III C). That is why we adopted a reduced model immediately 

after the sensitivity analysis and retained the full model only for 

the spectroscopy sanity check in Sec. III C. This choice was later 

supported by stable reduced posteriors before and after hierarchical 

pooling, and close full-vs-reduced MAP overlays and posterior-
predictive CRPS. This result implies that the nonlinear interactions 

are weakly constrained by the present experiments and do not signif-
icantly improve the fitted response in this regime. With the reduced 

parameterization fixed, the hierarchical inference step then serves 

to regularize reduced-model posteriors through population-level 

structure learned in the hyperparameter inference phase (Sec. III C). 

As can be seen in Table I, the inferred values of k a 
and k b 

differ 

across bubble diameters. This is not surprising since the microbub-
bles used in experiments differ in shell thickness, lipid packing, and 

loading history. This is physically important because in the thin 

shell limit, the in-plane elastic constants scale linearly with shell 

thickness, whereas the bending stiffness scales with the cube of the 

thickness. As a result, even relatively small variations in the thick-
ness can produce substantial differences in the effective mechanical 

response. The reported diameter dependent values of k a 
and k b 

should, therefore, be understood as effective coefficients describing 

each microbubble within the present modeling framework.

FIG. 10. Full- vs reduced-model surro-
gate sanity check. Panels (a) and (b) 

show Definity (ink) and SonoVue (gold), 

respectively. In both panels, the solid 

lines denote the reduced-model MAP 

surrogate responses, while the symbols 

denote the full-model MAP surrogate 

responses. The figure provides a direct 

MAP-level overlay check, showing that 

the full and reduced workflows are close 

in the present quasi-static regime.
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A separate source of uncertainty comes from curve alignment. 

In force–deformation measurements of EMB, uncertainty in the pre-
cise location of first contact introduces a systematic ambiguity in 

the deformation coordinate. A calibrated quantity d 0 
was, therefore, 

introduced to compensate for the initial loading state and align-
ment uncertainty in the reference curves, which are not explicitly 

represented in the present DPD model. It accounts for a real exper-
imental ambiguity associated with contact-point determination and 

prevents that ambiguity from being attributed to shell stiffness. The 

scope of these conclusions is also limited by the experimental regime. 

The data are quasi-static and low dimensional, over a limited load-
ing range, for six diameter-specific datasets. Validating the full force 

field would require additional observables, such as dynamic acoustic 

response. Finally, the uncertainty estimates are conditional on the 

surrogate pipeline. The workflow relies on surrogates constructed 

from finite simulation databases. The grouped-holdout DNN errors 

reported in Table S2 in the supplementary material and the leave-
one-out polynomial errors reported in Fig. 6 are low enough to 

make the inference tractable and credible, but neither surrogate 

error is zero. In the current workflow, these surrogate errors are 

treated as zero during inference and propagation, so only parameter 

uncertainty and the inferred observation noise enter the displayed 

posterior predictive bands. A related limitation concerns direct sim-
ulation validation. This paper does not report posterior predictive 

bands computed directly with the underlying particle-based model 

itself: propagating a large posterior ensemble through DPD would 

be prohibitively expensive with the current simulation cost. Like-
wise, the direct DPD overlays reported in Sec. III are representative 

MAP-level checks only; they are useful confirmation runs at selected 

parameter points but not exhaustive validations over all diameters 

or over full posterior regions.

IV. CONCLUSION
In this work, we developed data-informed DPD models that 

quantify the stretching stiffness and bending modulus of two types of 

lipid-EMBs using a surrogate-accelerated Bayesian inference frame-
work. Our models accounted for variations in EMB size, elastic 

parameters, displacement offset, and measurement noise. Model 

parameters were calibrated against the linear regime of three force 

spectroscopy datasets for each EMB type, together with acoustic-
frequency observations entering the hierarchical calibration. The use 

of DNN mechanical surrogates and polynomial acoustic surrogates 

enabled efficient posterior sampling while maintaining high fidelity 

to the underlying DPD simulations. Parameter uncertainties were 

propagated through forward predictions to assess model robustness
and transferability.

In addition to these uncertainties, the assumption of a constant
membrane thickness introduces an additional source of uncertainty
in the inferred elastic parameters. As noted in AFM studies of 

phospholipid microbubbles, apparent variations in Young’s mod-
ulus with EMB size may arise from underlying variations in shell 

thickness, lipid packing, or loading history, which can explain 

why the ordering of the reference experimental force–displacement 

curves does not necessarily follow the ordering of bubble diameter. 

To address this limitation, the DPD model could be extended to

properly account for the variability of the shell-thickness, which 

could then be calibrated from the data. The next step, beyond 

the scope of the present quasi-static study, will be to test how 

the calibrated models perform in acoustic simulations. That set-
ting would test dynamic behavior beyond the acoustic-frequency 

observations used here and would, therefore, help to assess whether 

the reduced force field remains sufficient beyond compression 

and indentation. Such studies would also show how calibration 

uncertainty in the mechanical parameters propagates to acousti-
cally relevant predictions. If direct DPD uncertainty bands become 

necessary, one possible route would be to use an unscented trans-
form built around a small set of carefully selected DPD evalua-
tions, 

71 so that uncertainty bands from DPD simulations can be 

approximated without brute-force posterior propagation. The more 

direct next step would be to carry the calibrated posterior dis-
tributions into acoustically relevant simulations and compare the 

resulting behavior across model choices. More broadly, this estab-
lished surrogate-accelerated Bayesian route shows that rigorous UQ 

for particle-based soft-matter models is feasible once high-fidelity 

simulations are coupled with surrogates and hierarchical Bayesian 

inference. This combination made it possible to calibrate para-
meters, compare reduced and full force fields, and identify weakly 

constrained terms. Even though the present study ultimately favored 

a reduced force field in this experimental regime, that outcome is 

still informative, because it identifies the level of model complex-
ity supported by the current data and indicates what additional 

dynamic measurements and simulations would be needed to jus-
tify more complex models. Our force spectroscopy data-informed 

EMB models provide a basis for large-scale acoustic simulations 

to determine key ultrasound parameters, 

72 such as intensity, pulse 

duration, and frequency, for USDG. The methodology can be further 

extended to model development of ligand-functionalized EMBs or 

encapsulated gas vesicles, 

22,73–76 and contrast agents for other imag-
ing techniques, including echocardiography, 

77 magnetic resonance 

imaging, positron emission tomography, diffraction-enhanced x-ray 

imaging, 

78 and x-ray dark-field imaging. 

79

SUPPLEMENTARY MATERIAL
The supplementary material includes implementation details, 

experimental data information, hierarchical inference procedures, 

TMCMC and surrogate-model configurations, acoustic-frequency 

extraction, sensitivity-analysis methodology, and parameter tables.
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